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Matrix Multiplication Verification

Obvious Solution?
    Do the multiplication of 𝐴 and 
    𝐵 directly and compare to 𝐶.

Running Time?
    𝑂 𝑛3
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Problem: Given three 
𝑛×𝑛 matrices 𝐴, 𝐵, and 
𝐶, verify that 𝐴𝐵 = 𝐶.

𝐶𝐵𝐴



Matrix Multiplication

Result of multiplying a row 
by a column - 𝑂 𝑛  work

Thus, 𝑂 𝑛3  total running time.

𝑛2 spots 
to fill out.
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𝐶𝐵𝐴



Matrix Multiplication

Result of multiplying a row 
by a column - 𝑂 𝑛  work

Thus, 𝑂 𝑛3  total running time.

𝑛2 spots 
to fill out.
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3 6 7

4 1 5

2 4 7

5 1 2

3 6 5

X =
53 34 56

57 60 68

28 47 55

𝐶𝐵𝐴

Goal Today: Multiply 
square matrices in 

less than 𝑶 𝒏𝟑  time.



Matrix Multiplication

Result of multiplying a row 
by a column - 𝑂 𝑛  work

Thus, 𝑂 𝑛3  total running time.

𝑛2 spots 
to fill out.

5 8 1

3 6 7

4 1 5

2 4 7

5 1 2

3 6 5

X =
53 34 56

57 60 68

28 47 55

𝐶𝐵𝐴

Goal Today: Multiply 
square matrices in 

less than 𝑶 𝒏𝟑  time.

But first, what is the 
running time for adding 
square matrices?



Matrix Addition

𝑍𝑖𝑗 = 𝑋𝑖𝑗 + 𝑌𝑖𝑗 𝑋, 𝑌, 𝑍 are 𝑛×𝑛 matrices. Running time?
How big is the solution - 𝑛2

How long to calculate a single entry - 𝑂 1
Total time - 𝑂 𝑛2
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𝑍𝑌𝑋



Matrix Addition

𝑍𝑖𝑗 = 𝑋𝑖𝑗 + 𝑌𝑖𝑗 𝑋, 𝑌, 𝑍 are 𝑛×𝑛 matrices. Running time?
How big is the solution - 𝑛2

How long to calculate a single entry - 𝑂 1
Total time - 𝑂 𝑛2
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𝑍𝑌𝑋



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

Alternate approach:
1. Recursively break 𝑋 and 𝑌 

into 
𝑛

2
×

𝑛

2
 blocks.

2. Multiply blocks, add to get 𝑍.



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝐼 𝐽
𝐾 𝐿

𝑀 𝑁
𝑂 𝑃 = 𝐼𝑀 + 𝐽𝑂 𝐼𝑁 + 𝐽𝑃

𝐾𝑀 + 𝐿𝑂 𝐾𝑁 + 𝐿𝑃

𝐶 𝐸

Alternate approach:
1. Recursively break 𝑋 and 𝑌 

into 
𝑛

2
×

𝑛

2
 blocks.

2. Multiply blocks, add to get 𝑍.



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝐼 𝐽
𝐾 𝐿

𝑀 𝑁
𝑂 𝑃 = 𝐼𝑀 + 𝐽𝑂 𝐼𝑁 + 𝐽𝑃

𝐾𝑀 + 𝐿𝑂 𝐾𝑁 + 𝐿𝑃

𝐶 𝐸

𝑄 𝑅
𝑆 𝑇

𝑈 𝑉
𝑊 𝑋

= 𝑄𝑈 + 𝑅𝑊 𝑄𝑉 + 𝑅𝑋
𝑆𝑈 + 𝑇𝑊 𝑆𝑉 + 𝑇𝑋

𝐾 𝑀

Alternate approach:
1. Recursively break 𝑋 and 𝑌 

into 
𝑛

2
×

𝑛

2
 blocks.

2. Multiply blocks, add to get 𝑍.



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

Running time?
 



Recursive divide and conquer running time can be characterized as:
𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

Where, 𝑎 – Number of subproblems at each recursive call

  𝑛/𝑏 – Size of subproblem relative to previous

  𝐷(𝑛) – time to divide problems

  𝐶(𝑛) – time to combine problems

Master theorem: If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑  for constants 𝑎 ≥ 1, 𝑏 > 1, 𝑑 ≥
0, then:

Recurrence Relations Running Time

𝑇 𝑛 ∈

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

Running 
Time

Amount 
of work 
per level

Number 
of levels×=

𝑂(𝑛) In level 𝑘, there 
are 2𝑘  arrays. At 
the bottom, there 
are 𝑛 arrays.

⇒
𝑛

2𝑘 = 1 

⇒ 𝑘 = log(𝑛).𝑂 𝑛 log 𝑛  running time

𝑛

𝑛/2

𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems 

   𝑛/𝑏 – Size of subproblem 

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎
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Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem 

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

𝑛

𝑛/2

𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

𝑛

𝑛/2

𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏

   𝐶(𝑛) – time to combine problems 

𝑛

𝑛/2

𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏

𝑛
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𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏
𝒍𝒐𝒈𝒃𝒂 =

𝑛
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𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏
𝒍𝒐𝒈𝒃𝒂 = 𝒍𝒐𝒈𝟐𝟐 = 𝟏 = 𝒅

𝑛
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𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Merge Sort – Running Time

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 2

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏
𝒍𝒐𝒈𝒃𝒂 = 𝒍𝒐𝒈𝟐𝟐 = 𝟏 = 𝒅
⇒ 𝑻 𝒏 = 𝑶(𝒏 𝐥𝐨𝐠 𝒏)

𝑛

𝑛/2

𝑛/4

𝑛/2

𝑛/4 𝑛/4 𝑛/4

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems

   𝑛/𝑏 – Size of subproblem 

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem 

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏𝟐

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏𝟐

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 

𝒍𝒐𝒈𝒃𝒂 = 𝒍𝒐𝒈𝟐𝟖



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏𝟐

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 

𝒍𝒐𝒈𝒃𝒂 = 𝒍𝒐𝒈𝟐𝟖 = 𝟑 > 𝟐 = 𝒅



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏𝟐

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 

𝒍𝒐𝒈𝒃𝒂 = 𝒍𝒐𝒈𝟐𝟖 = 𝟑 > 𝟐 = 𝒅
⇒ 𝑻 𝒏 = 𝑶(𝒏𝟑)



Matrix Multiplication

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝐷 𝑛 + 𝐶(𝑛)

   𝑎 – Number of subproblems = 8

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems = 𝑶 𝒏𝟐

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

Running time?
 

𝒍𝒐𝒈𝒃𝒂 = 𝒍𝒐𝒈𝟐𝟖 = 𝟑 > 𝟐 = 𝒅
⇒ 𝑻 𝒏 = 𝑶(𝒏𝟑)



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑷𝟏 + 𝑷𝟐

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑷𝟏 + 𝑷𝟐

= 𝑨 𝑭 − 𝑯 + 𝑨 + 𝑩 𝑯

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑷𝟏 + 𝑷𝟐

= 𝑨 𝑭 − 𝑯 + 𝑨 + 𝑩 𝑯
= 𝑨𝑭 − 𝑨𝑯 + 𝑨𝑯 + 𝑩𝑯

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7



Strassen’s Algorithm

X =

𝑍𝑌𝑋

𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻
𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻

𝑷𝟏 + 𝑷𝟐

= 𝑨 𝑭 − 𝑯 + 𝑨 + 𝑩 𝑯
= 𝑨𝑭 − 𝑨𝑯 + 𝑨𝑯 + 𝑩𝑯
= 𝑨𝑭 + 𝑩𝑯

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7



Strassen’s Algorithm

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑎 – Number of subproblems 

   𝑛/𝑏 – Size of subproblem 

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7

Running time?
 



Strassen’s Algorithm

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑎 – Number of subproblems = 7

   𝑛/𝑏 – Size of subproblem 

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7

Running time?
 



Strassen’s Algorithm

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑎 – Number of subproblems = 7

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems 

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7

Running time?
 



Strassen’s Algorithm

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑎 – Number of subproblems = 7

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐

   𝐶(𝑛) – time to combine problems 

Master theorem: 

If 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑂 𝑛𝑑 , then

𝑇 𝑛 =

𝑂 𝑛𝑑 , 𝑑 > log𝑏𝑎

𝑂 𝑛𝑑 log 𝑛 , 𝑑 = log𝑏𝑎

𝑂 𝑛log𝑏𝑎 , 𝑑 < log𝑏𝑎

𝑍𝑌𝑋

X =𝐴 𝐵
𝐶 𝐷

𝐸 𝐹
𝐺 𝐻

𝑃5 + 𝑃4 − 𝑃2 + 𝑃6 𝑃1 + 𝑃2

𝑃3 + 𝑃4 𝑃1 + 𝑃5 − 𝑃3 − 𝑃7

Running time?
 



Strassen’s Algorithm

 for, 𝑃1 = 𝐴 𝐹 − 𝐻
𝑃2 = 𝐴 + 𝐵 𝐻
𝑃3 = 𝐶 + 𝐷 𝐸
𝑃4 = 𝐷 𝐺 − 𝐸

𝑃5 = 𝐴 + 𝐷 𝐸 + 𝐻
𝑃6 = 𝐵 − 𝐷 𝐺 + 𝐻
𝑃7 = (𝐴 − 𝐶)(𝐸 + 𝐹)

𝑎 – Number of subproblems = 7

   𝑛/𝑏 – Size of subproblem = 𝒏/𝟐

   𝐷(𝑛) – time to divide problems = 𝑶 𝒏𝟐
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𝑶(𝒏𝟐.𝟖𝟏) vs 𝑶(𝒏𝟑)?
 1 second vs 2.6 seconds
 1 hour vs 4.5 hours
 1 day vs 5.5 days
 3 days vs 18 days
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History of Matrix Multiplication Algorithms

𝑂(𝑛3) – 1812 (Matrix multiplication defined)
𝑂(𝑛2.81) – 1969
𝑂(𝑛2.3755) – 1990
𝑂(𝑛2.3737) – 2010
𝑂(𝑛2.3729) – 2013
𝑂(𝑛2.3728639) – 2014
𝑂(𝑛2.3728596) – 2020
𝑂(𝑛2.371866) – 2022
𝑂(𝑛2.371339) – 2024
𝑂(𝑛2.371177) – 2026

Lower bound: 𝑂(𝑛2). Need to look at all 
elements of both matrices.
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  Z


  Y
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


  T  ( n ) = a T  (  n / b ) + D  ( n ) + C ( n )
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  𝑶  (   𝒏 𝟐 )


  C ( n )


  𝑶  (   𝒏 𝟐 )


    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟖


  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


  T  ( n ) = a T  (  n / b ) + D  ( n ) + C ( n )
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  𝑶  (   𝒏 𝟐 )


  C ( n )


  𝑶  (   𝒏 𝟐 )


    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟖 = 𝟑 > 𝟐 = 𝒅
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   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]
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  𝑶  (   𝒏 𝟐 )


  C ( n )


  𝑶  (   𝒏 𝟐 )


    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟖 = 𝟑 > 𝟐 = 𝒅


  ⇒ 𝑻  ( 𝒏 ) = 𝑶 (  𝒏 𝟑 )


  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


  T  ( n ) = a T  (  n / b ) + D  ( n ) + C ( n )
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    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟖 = 𝟑 > 𝟐 = 𝒅


  ⇒ 𝑻  ( 𝒏 ) = 𝑶 (  𝒏 𝟑 )


  Z
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   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


  Z
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   [     A E + B G  A F + B H   C E + D G  C F + D H ]
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   P 6 =  (  B − D )  (  G + H )
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  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]
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   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


   𝑷 𝟏 +  𝑷 𝟐


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H
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   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  Z


  Y
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


   𝑷 𝟏 +  𝑷 𝟐


  = 𝑨  (  𝑭 − 𝑯 ) +  (  𝑨 + 𝑩 ) 𝑯


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  Z


  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


  Z
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  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


   𝑷 𝟏 +  𝑷 𝟐


  = 𝑨  (  𝑭 − 𝑯 ) +  (  𝑨 + 𝑩 ) 𝑯


  = 𝑨 𝑭 − 𝑨 𝑯 + 𝑨 𝑯 + 𝑩 𝑯


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  Z


  Y
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [     A E + B G  A F + B H   C E + D G  C F + D H ]


   𝑷 𝟏 +  𝑷 𝟐


  = 𝑨  (  𝑭 − 𝑯 ) +  (  𝑨 + 𝑩 ) 𝑯


  = 𝑨 𝑭 − 𝑨 𝑯 + 𝑨 𝑯 + 𝑩 𝑯


  = 𝑨 𝑭 + 𝑩 𝑯


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  Z


  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )
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   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )
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    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )
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    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a
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  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )
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    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


  Z


  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )
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    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


  Z


  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  a


  n / b


  𝒏 / 𝟐


  D ( n )


  𝑶  (   𝒏 𝟐 )


  C ( n )


  𝑶  (   𝒏 𝟐 )


    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


  Z


  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  a
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  𝒏 / 𝟐


  D ( n )


  𝑶  (   𝒏 𝟐 )


  C ( n )


  𝑶  (   𝒏 𝟐 )


    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟕 ≅ 𝟐 . 𝟖 𝟏 > 𝟐 = 𝒅
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  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )


  a
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  𝑶  (   𝒏 𝟐 )


    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟕 ≅ 𝟐 . 𝟖 𝟏 > 𝟐 = 𝒅


  ⇒ 𝑻  ( 𝒏 ) = 𝑶 (  𝒏  𝟐 . 𝟖 𝟏 )


  Z


  Y


  X


   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]


   P 1 = A  (  F − H )


   P 2 =  (  A + B ) H


   P 3 =  (  C + D ) E


   P 4 = D  (  G − E )


   P 5 =  (  A + D )  (  E + H )


   P 6 =  (  B − D )  (  G + H )


   P 7 = ( A − C ) ( E + F )
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    T  ( n ) = a T  (  n / b ) + O  (   n d )


  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟕 ≅ 𝟐 . 𝟖 𝟏 > 𝟐 = 𝒅


  ⇒ 𝑻  ( 𝒏 ) = 𝑶 (  𝒏  𝟐 . 𝟖 𝟏 )


  Z
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   [     A  B   C  D ]


   [     E  F   G  H ]


   [      P 5 +  P 4 −  P 2 +  P 6   P 1 +  P 2    P 3 +  P 4   P 1 +  P 5 −  P 3 −  P 7 ]
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  T  ( n ) =  {     O  (   n d ) ,  d >   log b a   O  (   n d   log ⁡ n ) ,  d =   log b a   O  (   n    log b a ) ,  d   <   log b a


    𝒍 𝒐 𝒈 𝒃 𝒂 =   𝒍 𝒐 𝒈 𝟐 𝟕 ≅ 𝟐 . 𝟖 𝟏 > 𝟐 = 𝒅


  ⇒ 𝑻  ( 𝒏 ) = 𝑶 (  𝒏  𝟐 . 𝟖 𝟏 )
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